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The  fluotuetlone  of  a quantum  degenerate  Boee-Etnste In  gas 


1.  Introduction 

quota  two  familiar  theorens  on  fluotuatlons  In  the  grand  ensemble  of 
Gibbs  (H .H .Fowler,  3tetlatlcal  Mechenloe,  Ilnd  Edn.  195'^)^ 

<('<Cn>  ~ * ]f!?hiriy A> ^ (1) 

“ P)^)  * kT^^p^/bV  -<(bpAv)>j  (2) 

where  and  s**®  the  mean  density  and  rasan  preaaure  of  a given  phase  In 

the  enaeniile,  ^ Is  the  Olbbe  free  energy  p«r  pertlcle  end  V the  voIutdc  of 
the  phase.  Bq.(l)  can  also  be  ejrpraaaed  In  the  form 

“ “ 5cT/jv^(bp/6V).r]  (5) 

giving  the  tneen  square  relative  density  fluctuations  of  the  phase,  etso 

from  Bq«(l)  to  Eq.(5)  le  valid  only  If  ip/iv  Is  not  zero;  the  Infinity  given 
then  by  Eqo(5)  being  apurlouo. 

In  an  Ideal  Boss Ins te In  gas  we  have 

= v(2irmkTA2)5/2  2^(i/j^g  jAAr 

end  In  terms  of  the  degeneracy  temperature  defined  by  yu  = c,  or  by 

^nS  - v(2rrmkr  (5) 

we  hove 

kTKn)/^.  - <n)(l/2,6l2)(TAo)^^^24(l/3^^®^^^  (O 

3 

When  T-^T^  sndyl{.->0,  the  eerles  diverges  end  the  relative  fluotuatlons 
become  formslly  Infinite.  In  fact  bp/iV  becomes  zero  hors  end  the  Bq.(5) 
eesaes  to  be  valid  ao  this  Infinity  le  apurlous. 
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2.  Reolprocel  relo^.lon  between  fluctustions  at  the  degeneracy  temperature 

Consider  en  esseiribly  of  one  phaae  only,  but  divide  this  phase  Into  a large 
nunber  of  equal  Imaginary  oella,  each  containing  a large  number  of  etomo. 

Every  aaeeidjly  In  the  eneeroble  le  provided  with  exactly  the  eame  geometrloal 
pattern  of  oelle.  The  formallam  of  the  grand  ensemble  oarrlea  over  without 
material  ohenge  tb  this  arrangement  If  for  the  word  "phase"  one  now  aubetltutee 
the  word  "cell".  Eqo(5)  now  reads  to  give  the  njean  relative  square  fluotuetlona 
In  denelty  of  one  particular  cell  averaged  over  the  eneemble,  and  the  pressure 
derivative  on  the  right  lo  the  average  over  the  eneemble  of  the  preasure  derlv- 
atlve  for  a particular  cell.  To  obtain  a relation  dealing  dlrpctly  with  ob- 
served quantities  for  the  phaae  as  a whole.  It  le  neccaaer/  to  average  once 
again  over  all  the  cells  In  the  eesenjblyo  We  may  write  this  formally  as 

« - kT/{v2<A<py6V>  I (7) 

This  le  the  average  over  the  assonibly  of  the  moan  aquere  fluctuations  In  the  den- 
elty of  any  one  cell;  but  on  the  right  aide  Is  the  evoroge  over  the  asaembly  of 

the  preasure  derivative  In  a cell,  and  this  la  not  what  one  would  meesuro  for 

the  pressure  derlvetlve  that  vanishes  at  the  degeneracy  tampereti're , To  repeeti 
the  derivative  that  venlehea  at  the  degeneracy  temporeture  Is  the  derivative  of 
the  mean  preeaurs  of  the  whole  aasenbly  which  would  be  written  ^«P»/dV  . 

On  this  call  picture  we  alao  have  to  re-lnterprat  Sqo(2)  for  the  preasure 

fluotuetlona o To  do  this  lot  us  first  sverege  the  cell  pressures  over  the  whole 

aseembly,  writing  this  and  then  average  over  the  enseidjle,  applying  Sqo(2) 

to  Instead  of  pi 

<(‘^<P»  - <P»^>  - 


5crj'i«p»/J>y  - <(i(p>/dV)>j  (8) 
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Tha  left  hand  aide  la  now  exactly  what  one  would  oboerve  ^^0^^  aauaro 

fluotuiitlona  of  the  eaaeafcly  praaaure,  and  the  right  hand  contains  both 

the  obziarvad  praaaure  coafflolent,  and  the  praaeure  coefffii,|_j^t  ^^,0^  appaara 
In  the  relative  danalty  fluotuatlona  In  iSqoC?).  l\ittlng  tthe  obaervad  praaeure 
oasfflclent  zero  for  the  condition  at  tha  degeneracy  'tenp.er «ture,  using  Eqo(8) 
In  Eq.(7)  we  find  the  following  reciprocal  relation  batv^,  ^^,0  ralatlva  naan 


square  fluotuetlona  of  density  and  praaaure t 

T - T^«  <(2b^/f))^><;(Ap/p)^>  « (kT/pV)^  (9) 

The  praeaura  h»ra  rafara  to  the  raaen  valua  for  tha  assemtaij,  -while  the  danalty 
refers  to  the  cell,  and  tha  volume  V la  the  volume  of  « ooj3]_ , xhe  danalty 
f luotual  lone  cannot  become  Infinite  unleas  the  Pressure  veniaho 


The  praaaure  derivative  of  the  Boae-Elnstaln  gas  iq  tna  zero  for  all 
T < T^,  end  therefore  Eq.(9)  la  valid  below  the  degenji-.Q^y  temperature  and 
we  isay  wrliei 

T ^ T^i  <(^^/9)^><(^p/p)^>  - (5c6/^)(Ty?)^  (lOj 

where  the  density  fluotuatlona  refer  to  cella  oontalnlogg  Btoras,  end  the 

praaaure  la  thot  of  the  whole  naBanbiy,  The  magnltud«,of  fluctuations 


therofora  Increvaea  with  decreeelng  T,  spproaohlng  ip 

spproaohee  sbeolmbs  zero. 


Jo  Piuotuatlona  ut  the  Von  dor  Waala  crltloal  polijyt 

«;qo(9)  applloa  eirually  well  to  the  fluotustlone  ^ olasaloal  ges  at  tha 

Van  der  Weele  orltloel  point,  where  the  right  hand  roughly  equal 

to  IOA-,  where  K la  the  nunfcar  of  etoras  per  cell.  p.  of  magnitude 

check  on  the  relation,  we  may  easume  that  the  presawj  , denelty  on  tha  left 


it 

are  related  by  the  Van  der  b'aela  equation  In  the  neighborhood  of  the  crltloel 
point:  h^p/67^  •=  ' 9p<jAc  end  ^p  * Cl/50(i^p/iV’5) AV^  eo  that 

AP/Pg  = (5/2)(A^/^g)5  (11) 

If  quite  formally  of  couraa  wo  equate  those  quant Itloa  AP/Po 

tho  relative  fluctuations,  to  got  the  order  of  magnitude  we  find  5qo(9)  beoomee 

<(A^/^g)^>  - (12fi/27)^^  K”*^  (12) 

where  N la  the  n»an  number  In  the  cell.  00^  has  a critical  density  O.iffiO  g/cm^ 
and  Inter  atomic  distance  li<cilX  , so  a sell  containing  lO^  molecules  would  hove 
linear  dlinsrHlons  about  half  a wavelength  of  blue  light.  From  Eqo(l2)  the  density 
of  auoh  a cell  would  fluctuate  by  about  il^S,  and  thla  is  possibly  enough  to 
account  for  orltlcal  opsleocenoa. 

it.  Liquid  helium? 

It  haa  been  euggooted  that  the  axlatence  of  these  large  fluctuations  at 
the  degeneracy  temperature  of  e Boae-^insteln  gas  ought  to  shov?  up  In  liquid 
hsilum  If  the  latter  hae  a 3oae-Slnstein  Explanation.  This  auggeetlon  doea  not 
hold  up  under  examination,  baceusa  the  neceasary  condition  for  large  fluctuations 
Is  the  vanishing  of  tha  pressure  coefficient,  not  the  nature  of  the  statletlcsj 
the  pressure  ooefflclont  dosanot  vanish  In  liquid  helium  st  th^ambda  polnto 
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